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Abstract

In the present work, a new finite element was developed and implemented for the analysis of
laminated composite plates, using an equivalent single-layer theory. This development is motivated by
the increasing use of composite materials in the aeronautical industry, making it necessary to study
models that better describe the behavior of these materials, in the sense of continuously improving
the analyses and designs involving them. With this in mind, based on the finite element method, a
model for an isotropic plate was first developed, using the desired third-order shear deformation theory,
followed by the development of the model for laminated with orthotropic laminae. The computational
implementation of the model was achieved through the finite element commercial program, Abaqus.
This program allows the development of user-defined elements (UEL) subroutines, programmed in
FORTRAN, where it is possible for the user to define a new finite element that better fits the intended
analysis. In addition, the model was validated by comparing the results obtained with reference
solutions. Specifically, it was used as reference an existing element in the Abaqus library, which was
considered sufficiently similar for a reliable comparison of the results, and also an analytical solution
available in the literature. Finally, it was possible to draw conclusions about the implemented model
and the results obtained, as well as point out some proposals to further improve the developed element
in the future.
Keywords: Laminated Composite Material, Equivalent Single-Layer Theory, Third-order Shear
Deformation Theory, UEL Subroutine, Finite Element Method

1. Introduction

The purpose of composite materials, by combining
two or more materials, is to obtain a set of prop-
erties that would not be possible to achieve with a
single material. The materials choice and the way
they are combined depends on the intended func-
tion of the final composite material.

A composite material is composed by a matrix
and a reinforcement: the reinforcement provides the
stiffness and strength of the material, while the ma-
trix keeps the reinforcement and overall structure in
place.

The present work covers the branch of laminated
composites, which are widely used in industries such
as the automotive, construction, energy, sports,
aerospace and aeronautics.This growing use is jus-
tified by the advantages of this material when com-
pared to others used, namely for its high strength-
to-weight ratio, high impact strength, great corro-
sion resistance and durability and great design flex-
ibility.

Realizing the advantages of composite materials,
Airbus has been increasing its use in their aircrafts:
from the 1970 decade, when composites were barely
used in radomes and fairings, to the A350 and its
direct competitor, the Boeing B787 that are built
with 50% of composite material. All Nippon Air-
ways claims that the B787 has a fuel consumption,
when compared to the previously used plain, the
Boeing B767s, 21% lower and 17% on long-haul and
short-haul routes, respectively [6].

With that in mind, the objective of the present
work is to implement a new finite element, that de-
scribes more accurately the behavior of composite
laminated plates. Finite element commercial pro-
gram, Abaqus, will be used since it permits the im-
plementation of user-defined elements (UEL). That
is, by means of a UEL subroutine, programmed in
FORTRAN [7], user-defined elements enable users
to define the element that better suits the type of
analysis intended and still take advantage of the
analysis tools that Abaqus offers [10, 1].
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2. Theoretical Overview

Composite laminates have been object of study for
many years and several theories on how to model
them exist, depending on the type of analysis [2].

Typically, composite laminates have their planar
dimensions much greater than their thickness, thus
are treated as a plate, and the theories to model
composite laminated plates are generically divided
into three categories: equivalent single-layer the-
ories (2-D)[12], three-dimensional elasticity theory
(3-D), whether traditional 3-D or layer-wise theo-
ries and multiple model theories (2-D and 3-D).

The three-dimensional elasticity theories, despite
being the most accurate ones, are associated with
high costs and heavy computational implementa-
tion, hence arising the need to determine sim-
pler theories, that model the generality of engi-
neering problems without the complexity of three-
dimensional elasticity theories.

The simplest equivalent single-layer theory (ESL)
[14] is the classical laminated plate theory (CLPT),
derived from the Kirchoff plate theory, that assumes
both transverse shear and transverse normal effects
to be negligible, thus making it inappropriate to
module the intended problem, since this quantities
are of interest.

A more appropriate theory would be the first-
order shear deformation theory (FSDT) that ac-
counts for transverse shear deformation, by assum-
ing that the transverse shear strain is constant
through the thickness. This unrealistic assumption
of strain distribution, implies the introduction of a
shear correction factor,which is difficult to compute
and has a considerable associated error.

This disadvantage can be overcome by using high-
order shear deformation theories (HSDT) [11, 5],
which involve higher-order terms in the Taylor’s ex-
pansion of the displacements in the thickness co-
ordinate. A third-order shear deformation theory
(TSDT) [4] will be used. This theory accounts for
a quadratic variation of strains and stress through
the thickness.

A very popular numerical method among engi-
neers, that will be used in this work, is the fi-
nite element method (FEM). The FEM is derived
from the variational methods developed by Ritz and
Galerkin and its basic approach is to turn a com-
plex domain into a set of simpler geometric shapes,
called finite elements. Then, the governing equa-
tions of the problem are transformed into a set of
algebraic equations, by linearly combining the un-
known nodal parameters with approximation func-
tions, commonly called shape functions, thus ob-
taining the finite element model for the element.
Finally, the elements are assembled and an approx-
imated global solution is computed. Remarkable
books that were used in this work are those by

Reddy [13], Oñate [8, 9] and Ferreira [3].

3. Development of the Model
The third-order displacement field used is of the
form,

u(x, y, z, t) = u0(x, y, t) + zθ1x(x, y, t)+

+ z2θ2x(x, y, t) + z3θ3x(x, y, t)

v(x, y, z, t) = v0(x, y, t) + zθ1y(x, y, t)+

+ z2θ2y(x, y, t) + z3θ3y(x, y, t)

w(x, y, z, t) = w0(x, y, t) (3.1)

In the framework of linear static analysis, for small
strains, the strain-displacement relations may be as-
sumed, for simplification,

εxx =
∂u

∂x
, εyy =

∂v

∂y
, εzz =

∂w

∂z

γxy =
∂u

∂y
+
∂v

∂x

γxz =
∂u

∂z
+
∂w

∂x

γyz =
∂v

∂z
+
∂w

∂y
(3.2)

Substituting 3.1 into 3.2

ε =



εxx
εyy
γxy
...
γxz
γyz


=



∂u0
∂x

+ z2 ∂θ2x
∂x

∂v0
∂y

+ z2
∂θ2y
∂y

∂u0
∂y

+ ∂v0
∂x

+ z2 ∂θ2x
∂y

+ z2
∂θ2y
∂x

..................
0
0


+

+



z ∂θ1x
∂x

+ z3 ∂θ3x
∂x

z
∂θ1y
∂y

+ z3
∂θ3y
∂y

z ∂θ1x
∂y

+ z
∂θ1y
∂x

+ z3 ∂θ3x
∂y

+ z3
∂θ3y
∂x

............................

θ1x + 2zθ2x + 3z2θ3x + ∂w0
∂x

θ1y + 2zθ2y + 3z2θ3x + ∂w0
∂y


=

{
εm
0

}
+

{
εb
εs

}
= Sε̂ (3.3)

where ε̂ =
{
ε̂m, ε̂b, ε̂s

}T
,corresponding to mem-

brane, bending and shear strains, such that.

ε̂m =
{
∂u0
∂x
, ∂v0
∂y
, ∂u0
∂y

+ ∂v0
∂x
, ∂θ2x
∂x

,
∂θ2y
∂y

, ∂θ2x
∂y

+
∂θ2y
∂x

}T
ε̂b =

{
∂θ1x
∂x

,
∂θ1y
∂y

, ∂θ1x
∂y

+
∂θ1y
∂x

, ∂θ3x
∂x

,
∂θ3y
∂y

, ∂θ3x
∂y

+
∂θ3y
∂x

}T
ε̂s =

{
2θ2x, 2θ2y,

∂w0
∂x

+ θ1x,
∂w0
∂y

+ θ1y, 3θ3x, 3θ3x
}T

(3.4)

and the strain transformation matrix,

S =


0
0
0
0
1

0
0
0
1
0

0
0
1
0
0

0
0
0
0
z2

0
0
0
z2
0

0
0
z2
0
0

0
0
0
0
z

0
0
0
z
0

0
0
z
0
0

0
0
0
0
z3

0
0
0
z3
0

0
0
z3
0
0

0
2z
0
0
0

2z
0
0
0
0

0
1
0
0
0

1
0
0
0
0

0
3z2
0
0
0

3z2
0
0
0
0
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The constitutive relation for an orthotropic lam-
ina, in the lamina coordinate system, is given by

σ11

σ22

σ12

σ13

σ23

 =


Q11 Q12 0 0 0
Q12 Q22 0 0 0

0 0 Q33 0 0
0 0 0 Q44 0
0 0 0 0 Q55



ε11
ε22
γ12
γ13
γ23


or in a compact form,

σl = Dεl (3.5)

with,

Q11 =
E1

1 − ν12ν21
, Q12 =

ν12E2

1 − ν12ν21
, Q22 =

E2

1 − ν12ν21
,

Q33 =G12, Q33 = G13, Q33 = G23

and

ν21 =
E2

E1
ν12

Each lamina is disposed in a specific direction,
rotated an angle, θ, from the problem coordinate
system in the x− y plane. Hence, there is the need
to compute all the constitutive relations in the prob-
lem coordinate system (x, y, z), from the lamina co-
ordinate system (x1, x2, x3).

The stress components from the lamina (l) to the
problem (p) coordinate system are related by

σp = Tσl (3.6)

and the strain components are related by

εl = T T εp (3.7)

with

T =

 0
sin θ cos θ

sin2 θ
cos2 θ

0
− sin θ cos θ

cos2 θ
sin2 θ

0
cos2 θ − sin2 θ

sin 2θ
− sin 2θ

cos θ
0
0
0

− sin θ
0
0
0


Ultimately, for the transformed material stiffness

matrix, taking 3.6 and combining with 3.5 and 3.7,

σp = Tσl = TDεl = TDT T εp (3.8)

thus, defining the transformed material stiffness
matrix, D̄, as

D̄ = TDT T (3.9)

For the isotropic model first implemented, E1 =
E2 and θ = 0 hence recovering the isotropic strain-
stress relation matrix given by

D̄ =


E

1−ν2
E

1−ν2 ν 0 0 0
E

1−ν2 ν
E

1−ν2 0 0 0

0 0 E
2(1+ν)

0 0

0 0 0 E
2(1+ν)

0

0 0 0 0 E
2(1+ν)



In order to get the generalized constitutive ma-
trix, one starts by defining the vector of resultant
stresses at a point of the plate middle plane as

σ̂ =


σ̂m
.....
0

+


σ̂b
.....
σ̂s

 =

∫ z2

z1

STσpdz (3.10)

where z1 and z2 are the lower and upper surface of
each lamina global coordinates.

Substituting equations 3.8, 3.9 and 3.3 into 3.10,
it can be written

σ̂ =

∫ z2

z1

ST D̄εpdz =

∫ z2

z1

ST D̄Sε̂dz (3.11)

thus, defining the generalized constitutive matrix as

D̂ =

∫ z2

z1

ST D̄Sdz (3.12)

which is of the form

D̂ =

 D̂m D̂mb 0

D̂mb D̂b 0

0 0 D̂s

 (3.13)

As it can be seen in 3.13, there are four differ-
ent constitutive matrices, D̂m, D̂mb, D̂b, D̂s, that
correspond to membrane, coupling between mem-
brane and bending, bending and shear effects, re-
spectively.

Considering a plate discretized into n-noded fi-
nite elements of quadrilateral shape, the degrees of
freedom solution is approximated, within each ele-
ment as

u =



u0

v0
w0

θ1x
θ1y
θ2x
θ2x
θ3x
θ3y


=

n∑
i=1

N ia
(e)
i (3.14)

with

N i =



Ni 0 0 0 0 0 0 0 0
0 Ni 0 0 0 0 0 0 0
0 0 Ni 0 0 0 0 0 0
0 0 0 Ni 0 0 0 0 0
0 0 0 0 Ni 0 0 0 0
0 0 0 0 0 Ni 0 0 0
0 0 0 0 0 0 Ni 0 0
0 0 0 0 0 0 0 Ni 0
0 0 0 0 0 0 0 0 Ni


and

a
(e)
i =

{
u0i , v0i , w0i , θ1xi , θ1yi , θ2xi , θ2xi , θ3xi , θ3yi

}T
where Ni(ξ, η) is the continuous shape function of
node i, which are detailed further ahead.
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Substituting 3.14 into the expression for ε̂ of 3.4,
it can be written in compact form,

ε̂m =

n∑
i=1

Bmia
(e)
i

ε̂b =

n∑
i=1

Bmba
(e)
i

ε̂s =

n∑
i=1

Bmsa
(e)
i (3.15)

where

Bmi =



∂Ni
∂x

0 0 0 0 0 0 0 0

0 ∂Ni
∂y

0 0 0 0 0 0 0
∂Ni
∂y

∂Ni
∂x

0 0 0 0 0 0 0

0 0 0 0 0 ∂Ni
∂x

0 0 0

0 0 0 0 0 0 ∂Ni
∂y

0 0

0 0 0 0 0 ∂Ni
∂y

∂Ni
∂x

0 0



Bbi =



0 0 0 ∂Ni
∂x

0 0 0 0 0

0 0 0 0 ∂Ni
∂y

0 0 0 0

0 0 0 ∂Ni
∂y

∂Ni
∂x

0 0 0 0

0 0 0 0 0 0 0 ∂Ni
∂x

0

0 0 0 0 0 0 0 0 ∂Ni
∂y

0 0 0 0 0 0 0 ∂Ni
∂y

∂Ni
∂x



Bsi =



0 0 0 0 0 2Ni 0 0 0
0 0 0 0 0 0 2Ni 0 0

0 0 ∂Ni
∂x

0 0 0 0 0 0

0 0 ∂Ni
∂y

0 0 0 0 0 0

0 0 0 0 0 0 0 3Ni 0
0 0 0 0 0 0 0 0 3Ni


are the contribution of the membrane, bending and
shear effects, respectively, for the generalized strain
matrix, Bi for the ith node.

Considering an element which has undergone a
certain level of membrane (ε̂m), bending (ε̂b) and
shear (ε̂s) deformation, by the principle of virtual
work,considering a virtual displacement, δu, it can
be shown that,

K(e)
mij

=

∫
A(e)

BT
mi
D̂mBmjdA

K
(e)
bij

=

∫
A(e)

BT
biD̂bBbjdA (3.16)

K(e)
sij =

∫
A(e)

BT
siD̂sBsjdA

K
(e)
mbij

=

∫
A(e)

BT
mi
D̂mbBbjdA+

∫
A(e)

BT
biD̂mbBmjdA

The global stiffness matrix for the element can
then be obtained by adding the contributions from
the stiffness matrices of membrane, bending and
shear.

For the finite element discretization, it was cho-
sen the eight-node quadratic Serendipity rectangu-
lar element presented in figure 1, with the respective
shape functions in the natural coordinates (ξ, η),

which are defined in −1 6 (ξ, η) 6 1, given by

N1

N2

N3

N4

N5

N6

N7

N8


=

1

4



(1 − ξ)(1 − η)(−ξ − η − 1)
(1 + ξ)(1 − η)(ξ − η − 1)
(1 + ξ)(1 + η)(ξ + η − 1)

(1 − ξ)(1 + η)(−ξ + η − 1)
2(1 − ξ2)(1 − η)
2(1 + ξ)(1 − η2)
2(1 − ξ2)(1 + η)
2(1 − ξ)(1 − η2)


(3.17)

and the derivatives,
∂N8
∂ξ

∂N7
∂ξ

∂N6
∂ξ

∂N5
∂ξ

∂N4
∂ξ

∂N3
∂ξ

∂N2
∂ξ

∂N1
∂ξ

∂N8
∂η

∂N7
∂η

∂N6
∂η

∂N5
∂η

∂N4
∂η

∂N3
∂η

∂N2
∂η

∂N1
∂η


=

1

4


2(η2 − 1)
−4ξ(η + 1)
2(1 − η2)
4ξ(η − 1)

(2ξ − η)(1 + η)
(2ξ + η)(1 + η)
(2ξ − η)(1 − η)
(2ξ + η)(1 − η)

4η(ξ − 1)
2(1 − ξ2)
−4η(ξ + 1)
2(ξ2 − 1)

(2η − ξ)(1 − ξ)
(2η + ξ)(1 + ξ)
(2η − ξ)(1 + ξ)
(2η + ξ)(1 − ξ)



Figure 1: Eight-node quadratic Serendipity rectan-
gular element.

The transformation from the local coordinate sys-
tem, (ξ, η), to the global coordinate system, (x, y)
is given by

x =

n∑
i=1

Nixi , y =

n∑
i=1

Niyi. (3.18)

where Ni correspond to the Serendipity shape func-
tions, since it was considered an isoparametric ele-
ment. Analyzing B matrices one can conclude that
the derivatives ∂Ni

∂x and ∂Ni

∂y need to be determined.

By the chain rule of partial differentiation,{
∂Ni
∂ξ
∂Ni
∂η

}
=

[
∂x
∂ξ

∂y
∂η

∂x
∂ξ

∂y
∂η

]{
∂Ni
∂x
∂Ni
∂y

}
(3.19)

where

J =

[
∂x
∂ξ

∂y
∂η

∂x
∂ξ

∂y
∂η

]
(3.20)

is the Jacobian matrix of the tranformation 3.18
and its determinant,  is called the Jacobian.

Inverting 3.19 yields{
∂Ni
∂x
∂Ni
∂y

}
= J−1

{
∂Ni
∂ξ
∂Ni
∂η

}
(3.21)
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It is only missing the definition of the Jacobian
matrix. From 3.18, it can be written

∂x

∂ξ
=

n∑
i=1

∂Ni
∂ξ

xi

∂x

∂η
=

n∑
i=1

∂Ni
∂η

xi

∂y

∂ξ
=

n∑
i=1

∂Ni
∂ξ

yi

∂y

∂η
=

n∑
i=1

∂Ni
∂η

yi (3.22)

which, combining with 3.20, is defined as

J =

{
∂Ni
∂ξ
∂Ni
∂η

}{
xi yi

}
(3.23)

The integrals present in 3.16 are evaluated using the
Gauss-Legendre quadrature rule,

Ka =

m∑
i=1

m∑
j=1

Ba(ξi, ηj)
T D̂aBa(ξi, ηj)(ξi, ηj)WiWj

where a = m, b, s and Wi and Wj are the Gauss
weights corresponding to the coordinate ξi and ηj ,
respectively.

From 3.17, the maximum order of the shape func-
tions in each direction is two. So, the maximum or-
der of the polynomial present in the integral in that
direction is doubled, thus p = 2 × 2 = 4. Hence,
knowing that a polynomial is integrated exactly by
employing N Gauss points, with N = int[ 12 (p+ 1)],
then the minimum number of Gauss points used in
each direction will be three for bending, membrane
and coupling effects. For the shear effect, it will
be used reduced integration, to avoid shear lock-
ing, thus two Gauss points, in each direction, are
intentionally used.

m Points ξi or ηj , Weights Wi or Wj

2 ±
√

1/3 1

3
0 8/9

±
√

3/5 5/9

Table 1: Gauss weights.

4. Implementation of the Model

Abaqus, together with the UEL subroutine and the
input file, works as a finite element solver. It will
be briefly covered how these three parts interact
and how each one must be defined, in order to cor-
rectly implement the model developed in the previ-
ous chapter.

4.1. UEL subroutine
The UEL subroutine was programmed in FOR-
TRAN 90, which is a free format code. The FOR-
TRAN code has to start with the default header
provided by Abaqus. One can think of the UEL sub-
routine as a block that receives input data, treats
that data accordingly to what the user programs
and then delivers the output data to Abaqus, as
shown in figure 2. The header states the input
and output data and the respective dimensions and
Abaqus controls the number of times that the UEL
subroutine needs to be called.

Figure 2: Input and output variables interacting
with UEL block

Regarding the input:

� COORDS - is a matrix containing the coor-
dinates of the element that is being calculated;

� U - is not defined in the subroutine. In fact,
it is calculated by Abaqus, once the stiffness
matrix is defined, and it is used to compute
the force vector inside the subroutine;

� dU - is not defined in the subroutine. Like in
the previous item, Abaqus calculates it and the
subroutine uses it to compute the strains.

As for the output:

� RHS - corresponds to the internal force vector
of the element, for each node and each degree
of freedom;

� AMATRX - is the stiffness matrix of the ele-
ment that will calculated by the subroutine.

The state variables are a vector that is updated
by the subroutine, in this case, updated with the
strains and stresses at integration points. Bending
and membrane effects use nine integration points
and account for three strains (εxx, εxx, γxy) and
three stresses (σxx, σxx, σxx). Hence having 6×9 =
54 entries for the state variables vector. On the
other hand, shear effect uses four integration points
and accounts for two strains (γxz, γyz) and two
stresses (σxz, σyz) having thus 4 × 4 = 16 entries
for the state variables vector. In total, SVARS di-
mension is equal to 70. It is important to store the
results for strains and stresses in a certain prede-
fined manner, when programming the subroutine,
so that it is possible to confer the results later on.
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Based on what was presented so far, one can
conclude that the subroutine is called at least two
times, for the simplest case of having a mesh with a
single element. The first time all the input variables
are zero except for COORDS, and only the stiff-
ness matrix is defined within the subroutine, thus
being the only output variable different from zero.
The second time, Abaqus has computed both U and
dU, making use of the already calculated stiffness
matrix, and gives these quantities as inputs to the
subroutine, that is now able to calculate the force
vector and the strains components. If a more com-
plex mesh is used, the subroutine will be called two
times for each element that constitute the plate,
performing the described methodology for every el-
ement.

In the UEL subroutine, material properties must
be defined for each lamina, as well as the number
of laminae, direction angle and thickness of each
one. Besides, all the variables used in the subrou-
tine must be declared. Following the procedure pre-
sented for the development of the model, the stiff-
ness matrix, strains and stresses and force vector is
defined within the subroutine.

4.2. Input file
The input file has a .inp extension and can be edited
in notepad. Its function is to provide information
and define some quantities needed for the subrou-
tine.

In the input file, the mesh is defined, as well as
the connectivities between elements, going through
the following steps:

� the coordinates of the nodes that define the
several elements of the mesh;

� information on the element used (type of el-
ement, number of nodes per element, maxi-
mum number of coordinates at nodes, number
of state variables per element and number of
integration points used);

� definition of elements by defining the nodes
that constitute each element;

� boundary conditions and loads;

� output requests.

4.3. Abaqus interaction
The interaction between Abaqus, the input file and
the UEL subroutine is done through a command
window. Considering an input file named input.inp
and a subroutine named uel.for (the default exten-
sion is .f90 but for a correct compilation it must be
changed to .for), the command line for compiling is
as presented in figure 3

If the compiler does not encounter any error, then
Abaqus performs all the needed calculations and

Figure 3: Command line for compiling

generates several files, from which two are impor-
tant for getting the results: the .odb and the .log
files.

The .odb file is the one that can be opened
with Abaqus CAE, where results for forces, mo-
ments, displacements among others can be found
and the .log file contains results considered of in-
terest. Specifically, when programming the FOR-
TRAN code, one can use the function print, in order
to print any information present in the code, such
as the value of a certain variable. These values will
be printed in the .log file. Since Abaqus can not
interpret the state variables that are defined within
the subroutine, it is not possible to obtain results
for strains and stresses in Abaqus CAE. Hence, the
values for strains and stresses must be printed in
the subroutine and viewed in the .log.

5. Validation

To facilitate the validation of the model’s imple-
mentation, several steps of results analysis are con-
sidered, in order to ensure that the procedure used
and the UEL subroutine are correct. The validation
was first performed by comparing results obtained
by the TSDT element and an Abaqus element, the
S8r. Although this element is similar to the TSDT,
the fact that it is not based on a high-order the-
ory will have an impact on the results. Hence, with
this validation it is not expected a 100% match but
a proximity between the results.

It is important to note that the displacement field
on which this theory is based imposes non-zero val-
ues for the shear strains, γxz and γyz, on the top
and bottom surfaces of the plate. Thus, the dis-
tribution of these quantities, and consequently σxz
and σyz along the plate’s thickness is not correct,
although the shear strain energy density is the same
as for the exact 3-D model. Therefore these results
will not be covered, as they are not meaningful.

For the analysis performed, results for displace-
ments will be obtained from Abaqus CAE, values
for strains and stresses will be obtained by printing
them in the .log file.

For the laminated composite plate, a comparison
to an analytical solution is presented.

5.1. Isotropic single-layer plate

In this stage, a plate with dimensions 2 × 2m and
0.1m of thickness was used. The isotropic mate-
rial properties considered were E = 2 × 108 Pa for
the Young’s modulus and ν = 0.3 for the Poisson’s
ratio.

The plate is fixed on two sides (x = 0 and y = 0)
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and a vertical force of 50 kN is applied in the node
with the coordinates (2,2).

Since results for strains and stresses are only
available at integration points, results were com-
puted using a single element mesh, since it is much
simpler to compare four sets of values (one per in-
tegration point) than four sets times the number of
elements used. Obviously, a single element will have
a significant error associated. However, for this first
step, it was thought that the results would be close
enough, so that a meaningful confirmation of the
procedure used could be made.

In the following step, a 20×20 element mesh was
used to obtain the values of displacements, since
these values are obtained in Abaqus CAE, its vi-
sualization is simpler and a multiple element mesh
can be used, to obtain greater accuracy in results.

It can be seen in figures 4 and 5 the distribution
of the vertical displacement when the 50 kN force
is applied.

Figure 4: Vertical displacement for the single ele-
ment mesh: TSDT element (up); Abaqus element
(down).

The vertical displacement distribution represen-
tation is consistent to what is expected: 0 for the
fixed sides and a maximum on the node where
the vertical force is applied. For the single ele-
ment mesh, this maximum value is −2.337m and
−2.450m for the TSDT and Abaqus element re-
spectively. For the multiple element mesh, this
value converges to −3.378m −3.340m for the

Figure 5: Vertical displacement for the 20 × 20 el-
ement mesh: TSDT element (up); Abaqus element
(down).

TSDT and Abaqus element respectively. The values
are consistent both between elements as between
the two discretization used, since the multiple ele-
ment mesh presents a greater value for the maxi-
mum vertical displacement, which is to be expected
because of the greater accuracy that this mesh pro-
vides.

The results for the strains and stresses, presented
in tables 2 and 3 respectively, were computed for
top surface of the plate (z = 0.05). Since Abaqus
element performs reduced integration, strains and
stresses are only available in four integration points,
hence the values are compared for those same four
integration points.

IP εxx × 103 εyy × 103 γxy × 103

Abaqus⁄TSDT Abaqus⁄TSDT Abaqus⁄TSDT

1 12.85/12.61 12.85/12.61 34.09/33.39
2 − 5.132/− 5.340 57.18/55.25 52.04/49.91
3 − 9.927/− 11.73 − 9.927/− 11.73 97.01/90.43
4 57.18/55.25 − 5.132/− 5.340 52.04/49.91

Table 2: Comparison of strain results for Abaqus
and TSDT element.

These results are consistent and it was considered
that the model was implemented correctly, both in
terms of the stiffness matrix computation as well as
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IP σxx × 10−6 σyy × 10−6 σxy × 10−6

Abaqus⁄TSDT Abaqus⁄TSDT Abaqus⁄TSDT

1 3.671/3.602 3.671/3.602 2.622/2.569
2 2.642/2.469 12.23/11.79 4.003/3.839
3 − 2.836/− 3.352 − 2.836/− 3.352 7.463/6.956
4 12.23/11.79 2.642/2.469 4.003/3.839

Table 3: Comparison of stress results for Abaqus
and TSDT element.

for the strains and stresses post-computation.

5.2. Laminated composite plate

In [12] are presented analytical solutions for a rect-
angular laminated plate, using FSDT. Being based
on FSDT, the results from this analytical solution
will not be equal to the ones provided by the TSDT
element. However, a proximity between the results
is expected and, as discussed previously in the the-
oretical overview, for thin plates (side-to-thickness
ratio over 50, a/h > 50), the results are expected
to converge.

The plate is simply supported on four sides and
is under an uniformly distributed load, q0. Two
different laminates will be used: (0/90/0) and
(0/90/90/0), with each ply having the same thick-
ness. Results for the maximum transverse deflec-
tion, wmax, and stresses, σxx, σyy, σxy, will be ob-
tained from the TSDT element and compared to the
analytical solution. TSDT results will be obtained
using a 25 × 25 element mesh.

Regarding the problem data used, it was consid-
ered a plate of dimensions 1.2× 1.2m with the dis-
tributed load qo = 10000Pa. For the material prop-
erties of each lamina it was assumed E2 = 7GPa
and:

E1 = 25E2, G12 = G13 = 0.5E2,

G23 = 0.2E2, ν12 = 0.25.

Results for maximum transverse deflection were
obtained through Abaqus CAE. In figure 6 it can be
seen the transverse deflection distribution for a/h =
100 for the two laminate used.

As expected, the maximum transverse deflection
occurs for the middle of the plate (a/2, b/2) and the
four fixed sides have zero vertical displacement as
imposed. Values of the maximum transverse deflec-
tion are presented in table 4.

Results of the analytical solution are presented
in an adimensionalized form. For comparison pur-
poses, results from the TSDT element were also adi-
mensionalized, as shown

Figure 6: Maximum transverse deflection:
(0/90/90/0) laminate (up); (0/90/0) laminate
(down).

a/h (0/90/0) (0/90/90/0)
10 −2.313 × 10−5 −2.331 × 10−5

20 −1.160 × 10−4 −1.188 × 10−4

100 −1.153 × 10−2 −1.177 × 10−2

Table 4: Maximum transverse deflection.

w̄max = wmax
E2h

3

b4q0
× 102 (5.1)

Results for the adimensionalized maximum trans-
verse deflection are presented in table 5, as well as
the respective analytical solution.

a/h (0/90/0) (0/90/90/0)
TSDT⁄AS TSDT⁄AS

10 1.3493/1.0219 1.3598/1.0250
20 0.8458/0.7572 0.8663/0.7694
100 0.6726/0.6697 0.6866/0.6833

Table 5: Adimensionalized maximum deflection for
TSDT element and analytical solution (AS).

As it can be seen, the results from the TSDT
element converge to the analytical solution as a/h
increases, that is, as the plates gets thinner, as the-
oretically expected. In fact, the TSDT theory de-
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scribes better the behavior of thick plates, for which
values of the maximum transverse deflection will
deviate from the analytical solution, as it can be
demonstrated for a/h = 10. This ultimately proves
the validity of the model implemented, so far for
the displacements only.

From an engineering point of view, when consid-
ering a certain load and boundary conditions, it can
be somewhat anticipated where the maximum val-
ues for stresses will occur in the plate. These loca-
tions are of the most importance when failure tests
are performed, since it is where breaking, weakening
or plastic deformation first occurs.

For this reason, if one wishes to compute the val-
ues of stresses, it should have first a clear under-
standing of how these stresses will be distributed in
the plate, both in-plane and through thickness, in
order to determine significant values to the study of
the plate’s behavior.

In this case, both σxx and σyy will have their
maximum values in the same location of the maxi-
mum transverse deflection (a/2, b/2). Furthermore,
regarding the location through the thickness, σxx
will have its maximum in the top surface of the plate
(h/2). As for σyy, and given the specific laminates
under study, its maximum value occurs in between
the laminae, i.e. h/6 for (0/90/0) laminate and h/4
for (0/90/90/0) laminate. It is important to note
that these z-locations represent points of disconti-
nuity regarding the stresses: each lamina will have
its own value of stress for that location. In this case,
the greatest of the two values is the one that will
be presented.

Finally, σxy will be computed at the corner (a, b)
and for −h/2, where it is expected to reach its max-
imum value.

Similar to the maximum transverse deflection,
values for the stresses are adimensionalized by,

σ̄xx = σxx
h2

b2q0
, σ̄yy = σyy

h2

b2q0
, σ̄xy = σxy

h2

b2q0
(5.2)

Values for the (0/90/0) laminate are presented in
6, with values evaluated at,

σ̄xx(a/2, b/2, h/2), σ̄yy(a/2, b/2, h/6), σ̄xy(a, b,−h/2)

Values for the (0/90/90/0) laminate are pre-
sented in 7, with values evaluated at,

σ̄xx(a/2, b/2, h/2), σ̄yy(a/2, b/2, h/4), σ̄xy(a, b,−h/2)

Regarding σ̄xx and σ̄yy, results are converging as
the plate gets thinner. This fact is consistent with

a/h σ̄xx for σ̄yy for σ̄xy for
AS⁄TSDT AS⁄TSDT AS⁄TSDT

10 0.7719/0.7953 0.3072/0.4225 0.0514/0.0314
20 0.7983/0.8051 0.2227/0.2566 0.0453/0.0032
100 0.8072/0.8057 0.1925/0.1946 0.0426/0.0179

Table 6: (0/90/0) laminate: adimensionalized re-
sults for stresses from TSDT element and analytical
solution (AS).

a/h σ̄xx for σ̄yy for σ̄xy for
AS/TSDT AS/TSDT AS/TSDT

10 0.7577/0.7407 0.5006/0.6625 0.0470/0.0281
20 0.8045/0, 7971 0.3968/0.4514 0.0420/0.0012
100 0.8420/0.8208 0.3558/0.3590 0.0396/0.0229

Table 7: (0/90/90/0) laminate: adimensionalized
results for stresses from TSDT element and analyt-
ical solution (AS).

the theoretical expectation and, even for thicker
plates, the difference between the results is not that
significant.

Regarding σ̄xy, there is an inconsistency in the
results for a/h = 20, even when compared to the re-
sults for other side to thickness ratios for the TSDT
itself. In fact, if the result for a/h = 20 is ignored,
it seems that a slight convergence exists, taking into
consideration that the values are small, despite the
fact that a greater proximity and convergence was
expected.

6. Conclusions

As it was already stated, the implementation of this
element had to do with the computation of three
major variables: stiffness matrix, force vector and
both strains and stresses. For a complete valida-
tion, all these three quantities must be correctly
computed. Taking into account the model’s devel-
opment, it is easy to understand that the calcula-
tion of the stiffness matrix and the force vector are
related and do not interfere directly with the cal-
culation of both strains and stresses: it is actually
possible to correctly compute the stiffness matrix,
without calculating strains and stresses, despite the
opposite not being true. Moreover, the correct or
incorrect computation of strains and stresses will
have nothing to do with the computation of re-
action forces, displacements, among others, since
Abaqus only needs the correct definition of the stiff-
ness matrix and force vector to compute them.That
said, when one compares results for the displace-
ment along the plate, one is in fact demonstrating
the correct computation of the stiffness matrix and
force vector by the UEL subroutine. On the other
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hand, once the validity of the stiffness matrix and
force vector computation is made, if an inconsis-
tency would exist regarding the strains and stresses,
then it would be due to their incorrect computation
alone.

First of all, the development and implementa-
tion of the isotropic single-layer plate was cor-
rectly achieved, given the results shown for the
TSDT element and the Abaqus element, for both
the displacement distribution as well as strains and
stresses.

Regarding the laminated composite plate, the re-
sults obtained for the maximum transverse deflec-
tion mean that the stiffness matrix and force vector
are well calculated, even more noticing that the re-
sults converge, accordingly to the theoretical expec-
tation. Likewise regarding strains εxx and εyy and
stresses, σxx and σyy. However γxy shows some in-
consistencies in results. These inconsistencies may
be due to an error in the model, although the val-
ues are very small, which makes it more difficult to
infer if this is due to a numerical error or a system-
atic error in development or implementation of the
model.

All in all, it is the author’s belief that the objec-
tive of the present work was successfully achieved,
and the model was correctly implemented. Al-
though some future work can be done, this element
now ”exists” for Abaqus and it is possible to use
it when analyzing composite plates with this soft-
ware, which is definitely a contribute to the study
of composite materials.

Despite the fact that the main objective of the
present work was successfully achieved, some im-
provements can be made, namely a better interac-
tion between the UEL subroutine and the input file
can be developed. On one side, the properties being
defined in the input file, rather than inside the sub-
routine. Information was found in Abaqus manual
related to the definition of properties in the input
file; the problem was how to get them correctly in
the subroutine, specially when dealing with a com-
posite material, having to define angles and thick-
ness of each ply. On the other side, state variables
were not interpreted by Abaqus CAE, making it
impossible to obtain results directly from Abaqus,
in a similar manner as for an element from Abaqus
library. Information regarding this subject was dif-
ficult to find in manuals, so the results for the state
variables had to be printed directly from the UEL
subroutine.

Since the ultimate purpose of this work was to
implement a new user-defined element that could be
treated as any other element within Abaqus library,
improving the interaction between Abaqus and the
UEL subroutine, would mean a step further to work
with any new user-defined element as any of the

existing ones.
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